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Abstract

In the minimum linear arrangement problem one wishes to assign distinct integers to the vertices of a given graph so that the
sum of the differences (in absolute value) across the edges of the graph is minimized. This problem is known to be NP-complete
for the class of all graphs, but polynomial for trees—algorithms of time complexnﬁ-@) and n1-6) were given by Shiloach
[SIAM J. Comput. 8 (1979) 15-32] and Chung [Comput. Math. Appl. 10 (1984) 43-60], respectively. We present a linear-time
algorithm for finding the optimal embedding (arrangement) in a restricted but important class of embeddingmnealber
embeddingg.

0 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction Goldberg and Klipker [6] gave an @°) algorithm

Given a graphG = (V, E), alinear arrangement that solved the problem whe@ is a tree. Shiloach
7 of G is a bijectionz:V — {1,2,...,n}, where  [9] improved this bound to @2'2) in 1979, and
n = |V|. Thecost of a linear arrangement is given ~ Chung [2] further improved it in 1983 to @") for

by the sum any X satisfyingi > Ig3 ~ 1.6. Recently, Shahrokhi
et al. [8] showed that an algorithm for minimum
Clm,Gl= Z |7 () — 7 (v)], linear arrangement could be used to find the bipartite
(u,v)€E crossing number of trees, thus showing that &n’Q®
and aminimum linear arrangement of G is a linear ~ @lgorithm also exists for that problem.
arrangement which minimizes this sum. In what follows, we use the terembedding instead

For the class of all graphs, the problem of finding ©f ‘linéar arrangement”. Hence we will speak of
a minimum linear arrangement was shown in 1976 by ©Ptimal embeddings and one-page embeddings, rather

Garey et al. [4] to be NP-complete. In that same year, than optimal or one-page linear arrangements.
The present work discusses the problem of embed-

— ) ding treeson one page, and gives a linear time algo-
Corresponding author. ithm f hi icted bl This i .
E-mail addresses: hochberg@cs.ecu.edu (R.A. Hochberg), rithm for this restricted problem. IS IS an improve-
mims@cs.ncsu.edu (M.F. Stallmann). ment, for the case of trees, of a 1988 result of Fred-
1 A more extensive report is in Robert Hochberg's thesis [7]. erickson and Hambrusch [3] which gives an optimal
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A tree embedded with crossings. Total cost =23
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The same tree embedded without crossings. Total cost =24

Fig. 1. A tree embedded with and without crossings.

one-page embedding of any outerplanar graph intime  Let v, be some vertex of a tre€, and consider
O(n?). the subtrees generated by deleting Each of them
is called abranch of v,, and for each of these
branchesT; there is a vertexw; € T;, such that the
edge(v;, v4«) € T. The vertexy; is called theroot of
Let T be a tree and suppose we wish to find an 7: modv.. We denote by:; the number of vertices in
embeddingr such that all the edges @fcanbedrawn  the treeT;. See Fig. 3.
on one side of the number line without any pair of Let T be a tree, let, be a vertex off', and let
edges crossing. See Fig. 1. Such embeddings are called1, 72, . .. be the branches of,. Supposer is an
one-page embeddings and are a special caséatk optimal, one-page embedding &f We call a vertex
embeddings[1]. v visible fromthe top if there are no edge@:, w) € T
An embeddingr is a one-page embedding if there such thatr (u) < 7 (v) < 7 (w).
do not exist four vertices, u, b, v € T such thata, b)

2. One-page embeddings

and(u, v) are edges i, andz (a) < 7 (u) < (b) < Lemma?2. If vertex v, isvisiblefromthetop, then each
7(v). The following equivalent characterization is branch T; of v, occupiesa single interval of integers.
more useful for our purposes. That is, #(T;) = {s,s + 1,...,t} for some integers

s <t
Fact 1. An embedding n is a one-page embedding if
and only if there do not exist four verticesa, u, b, v € Proof. Suppose to the contrary that there exist three
T with vertex-digoint paths P; froma to b and P» verticesu, v, w with 7 (1) < 7w (v) < 7 (w) such that
fromu tov, and 7 (a) < 7 (u) < (b)) < 7 (v). u,w € T; butv ¢ T;. We distinguish two cases:

Casel: n(u) < w(vs) < w(w). Sincex andw are
Requiring an embedding to be “one-page” might in the same branch af,, there must be a path from
prevent it from being optimal. In fact, the tree shown 4 to w which does not include,. Let u = x1, x2,
in Fig. 1 is such an example: The two embeddings ... x; = w be such a path, and lgt be the least
shown are optimal with respect to allowing crossings index such thatr(x;) > 7 (v,). Clearly j > 1. But
and disallowing crossings, yet they differ in cost then the edgéx;_1, x;) gives a contradiction to our
by 1. On the other hand, we give in this paper a assumption that, is visible from the top.
linear time algorithm for finding an optimal, one-page Case 2: 7(vy) < mw(u) or w(vs) > w(w). We as-
embedding of a tree. This is in contrast to the best- sume without loss of generality that(v,) < 7 (u).
known algorithm for general embeddings, which is of Again, sincex andw are in the same branch of,

time complexity @n'-%). there must be a pattP; between them which lies
entirely insideT;. Sincewv is in a different branch,
3. Some observations and theorems there must be a pattP, from v, to v which is

entirely disjoint from P;. But then by Fact 1, we
Throughout this paper we will assume that our tree have a contradiction ta being a one-page embed-
hasn vertices. ding. O
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Fig. 2. The proof of Lemma 3.

Fig. 3. The branches of a vertex.

We can say more about branches occupying inter-
vals.

Lemma 3. Let v, be a vertex of T, not necessarily
visible from the top, and suppose Ti, 1>, ..., T} are
branches of v, with roots vy, va, ..., vk, such that
m(vy) < w(v1) < m(v2) < --- < w(vx). Then each
of the branches T1, 7>, ..., Tx—1 occupies a single
interval of integers. See Fig. 2.

Proof. If some branch; with 1 <i <k — 1 contains

a vertexw to the left ofv,, then by Fact 1, the quadru-
ple of verticesv, vy, v;, vy would yield a crossing in
our embedding. This observation reduces the proof to
case 2 in the proof of Lemma 2.0

Lemma 4. The vertices v = 7 ~1(1) and w = 7~ 1(n)
havedegree1in T.

Proof. Suppose not. Since is visible from the top,
we can find two branche%; and 7> mod v with
n(T) =1{2,3,...,i}andn(T2) ={i+1,i+2,..., j}.
But then we can create a new embeddirigwhich
has lower cost, contradicting the optimality of We
do this by “flipping” the brancify across to the other
side ofv. See Fig. 4. Indeed, defimg(x) =i if x = v,

i +1—m(x)if x € Ty, andz (x) otherwise.

All the lengths within each branch remain the
same, as does the distance framto the root of
T:1. But the distance fromv to the root of any other
branch (including at lead®) decreases biy— 1. This

)
-
<
N\

T T,

Fig. 4. Proof of Lemma 4. We can flip branéh to the other side of
v to obtain an embedding with lower cost.

completes the proof fov. The proof forw is the
same. O

The path betweemn and w in the lemma above
is called thebasic path of the embedding, and is
guaranteed to be monotone since the embedding has
no crossings. The vertices on this basic path are
exactly those vertices which are visible from the top
(see Fig. 5). Lemma 4 is just a special case of a more
general theorem, whose proof is essentially the same:

Lemma 5. If v is a vertex of T, then in any optimal
one-page embedding 7z, the number of branches of v
which lie entirely to the left of v is within 1 of the
number of brancheswhich lie entirely to theright of v.

Proof. This is clear if the degree of is 1. Let us
suppose that has degree at least 2 with at least two
more branches lying to its right than to its left. L&t

be the branch closest toon the right. By Lemma 3[;
occupies an interval of integers. If we flip this branch
and move it to the left ob, then the only edges which
change length are those betweerand the roots of
its branches. The edges to branches on the right will
decrease in length byf;| while those to branches on
the left will increase by the same amount. Since there
are fewer on the left, there will be a net decrease in the
cost of the embedding.O

We now consider the order in which these branches
must be embedded in an optimal embedding. The



62 R.A. Hochberg, M.F. Sallmann / Information Processing Letters 87 (2003) 59-66

D D0 0D o Dee-e

Fig. 5. An optimal embedding with the basic path highlighted.
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(@) Weswap T; and T; in a move of Type A
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(b) We swap and flip T; and T; in a move of Type B

Fig. 6. Proof of Lemma 6. Two ways to rearrange the order of branches without increasing cost.

result is similar to the general, not necessarily one- on the right side ob,, by applying a step of type B,

page embedding case [2,9]. if necessary. Note that this will not affect the position
of T1. Then we apply any necessary steps of type A

Lemma 6. Let = be an optimal one-page embedding so that7»> moves to the outside position on the right

of atree T, and let v, beavertex onthebasic path. Let side. Again, we will not affect the position df;.

Th, 1o, ..., Ty, be the branches of v, with n1 > no > We note that if there are several trees of sizgs

-+ > ng. Then we may assume that the vertex v, and or n> then we may be doing some steps that switch

its branches are embedded in the order branches of the same size, just because of the way

(T1, T3, ..., Tx, vi, Tr—1, ..., Ty, T2) ifkisodd, we indexed our trees. Proceeding in this fashion, we

(T1, T3, ..., Te—1, v, Tk, ..., Ty, T2)  if kiseven; can sequentially move ea@hto its predicted position

without increasing the cost of the embedding, yielding

that is, there is an embedaing of 7' in the form given another optimal embedding of the predicted typel

which is an optimal embedding.

We next give a partial converse of Lemma 6 which
we need in order to prove that the central vertex,
discussed in the next section, lies on the basic path.
The proof uses no new ideas, so we give only a sketch.

Proof. We prove the claim by modifying the embed-
ding = in several steps to obtain an embedding of the
form desired. We also show that each step does notin-
crease the cost of the embedding. We distinguish steps
of two types, as illustrated in Fig. 6. Intgpe A step,

T;, the smaller of two neighboring branches on the
same side of,, is swapped witl; and moved closer

to vy, decreasing costby; —n;. AtypeBstep keeps Ui, Uz, ..., Us, vx, Usy1, ..., Ug

cost the same but allows us to swap branches on OPPO"y . the order in which its branches are embedded. Then

site sides ob,. . }
We now prove the theorem as follows. First apply foreachi, 1 <i <d,

steps of type A on each sidewfto move the branches  |U;| < |U1| and |U;| < |Uy4].

of greatest size, including, to the “outside”, furthest

away from v,. Then apply a step of type B, if Outline of proof. Suppose not. Then there is some
necessary, so thdy ends up in its proper place. To branchU; such that eithefU;| > |Ui| or |U;| > |Uy4|.
get 7» to its proper position, first make sure that itis Let us suppose without loss of generality théf| >

Lemma 7. Let v, be a vertex of degree d > 1 on the
basic path of an optimal one-page embedding, and let
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|U1|. There are two cases: Wf; lies to the left of

v, then we swap the two branches, leaving all other
branches in their same relative positionsUJflies to

the right ofv,, then we swap and flip the two branches.
In either case, the cost decreases, contradicting the
optimality of the embedding. O

u

Fig. 7. Branch sizes:(u, v) =3 ands (v, u) = 7.

4. Thecentral vertex no edge(v, w) hass(v, w) > n/2, andv is a central

_ vertex of our tree. O
A central vertex ¢ of ann-vertex treel is a vertex

such that all of the branches @f mod ¢ have size It is not difficult to show that, in fact, every tree

at mostn/2 [9]. This differs from acenter of a tree, has at most two central vertice&\Ve now come to the

a vertexuv that minimizes mayr d(v, u). Every tree  theorem which shows why central vertices are relevant
has exactly one or two central vertices, just as it has g the present problem.

one or two centers, though the central vertices need
not be the same as the centers.

For every pair of vertices, v for which (u, v) is an
edge ofT, defines(u, v) to be the number of vertices
in the branch ofu which containsv. For example,
in Fig. 7, s(u,v) = 3, ands(v,u) = 7. We note the
following:

Theorem 9. In any optimal embedding = of T, any
central vertex of T must lie on the basic path.

Proof. Let x1, x2, ..., x; be the basic path. By Lem-
ma 4,s(x1,x2) =n — 1 ands(xx_1, x¢y) = 1. Thus we
can define as the least index such thatx;, x;1+1) <
for any edgeu, v) € T, n/2. But thens(x;_1, x;) > n/2 which impliess(x;,
xi—1) < n/2. By Lemma 7x; is a central vertex. If

s, v) +s(v,u) =n, @) T has another central vertex, then will have one
forany vertexu € T, edge(x;, v) such thats(x;, v) =n/2. By Lemma 7,
Z s(u,v)=n—1. ) this Will be edge(x;, x;+1), with s(x;+1, x;) = n/2, _
(woeT makingx; 1 the other central vertex, also on the basic
path. O

The next lemma is proved by Shiloach [9], but we
present an alternate proof which anticipates the nature
of our algorithm. 5 Anchored trees
Lemma 8. Every tree has a central vertex. . - .

Our algorithm for finding an optimal, one-page

embedding begins by embedding a central vertekx

the graph, and then embedding its branches according
to Lemmas 5 and 6. Care must be taken, however,
when embedding these branches. This is because the
edge betweerr and the root of a branch mod

has a length that depends on the embedding of that
branch, and this length contributes to the overall
cost of the embedding. We are thus led to consider
embeddings offeft-anchored trees andright-anchored

trees, a fundamental concept also found in previous

Proof. Select any vertex; of T. If v1 is a central
vertex, we are done. Otherwise, there is some edge
(v1, v2) (in fact, exactly one) for which (vy, v2) >
n/2. Thens(va,v1) = n — s(v1,v2) <n/2. Isvy a
central vertex? If so, we are done. If not, then we
can find some edg@y>, v3) for whichs(vz, v3) > n/2
ands(vs, v2) < n/2. Isvz a central vertex? If so, we
are done. If not, then let us continue in this fashion,
generating a sequeneg, vz, vs, ... of vertices. This
sequence forms a path in the tree, sincé: v; 2 and
the tree is acyclic. Clearly it cannot continue until it

reaches a leaf, becausle then;, vi11) =1 < ”/2-.80 2 This observation and Lemma 8 were well known prior to
the process must terminate at some vertéaxr which Shiloach’s paper and are reported, for example, by Geolezian [5].
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work [2,9]. They are defined as follows: A left- .. > n;. Then we may assume that the vertex v, and
anchored tree is a tree with a distinguished vertex  its branches are embedded in the order

and an extra edge that joins toa ve.rtex wh|gh lies (To. Ta. ... Too1. v5. Ts..... Ta. Ty) if k isodd,

to the left of the embedding and which contributes to e .

. . (T2, Tay ..., T, v4, T2, ..., T3, T1) ifkiseven;
the cost of the embedding. Right-anchored trees are
defined symmetrically. The next two lemmas describe that is, there is an embedding of 7' in the form given
optimal embeddings of left-anchored trees. They are which is an optimal embedding.
analogous to Lemmas 5 and 6 for non-anchored trees.

The lemmas for right-anchored trees are symmetric.  Proof. We prove the claim by modifying the embed-

Lemma 10. If 7 is an optimal one-page |eft-anchored
embedding of T with anchor v, then the number of
branches that lie to the right of v, is either the same
as or one more than the number of branchesthat lieto
the left of v,.

Proof. Suppose the branches of are embedded in

the orded Ty, 1o, ..., Ty, vy, Ts41, ..., Tyas}. If s > 1,
then we can fligly, and move it to the other side of,

ding 7 in several steps to obtain an embedding of the
form desired, just as in the proof of Lemma 6. Steps
of type A are the same, and steps of type B are only
slightly different to account for the length of the an-
chor edge. See Fig. 8.

The rest of the proof proceeds exactly as in the
proof of Lemma 6. O

The following theorem summarizes all that has
been said in the preceding lemmas, and completely
characterizes optimal one-page embeddings of trees.

betweenv, and 71, to achieve an embedding with
lower total cost. Indeed, the cost of embedding each

branch will not change, while the sum of the length of Theorem 12 (Main theorem)Let = be an optimal

the anchor edge and the lengths of the edges from

to the branches will decrease yy— 1)|7s|, which is
positive. Ift > s + 1, then we flip the brancify; to
the other side ob, to achieve a total lower cost.0

Lemma 11. Let 7 be an optimal one-page embed-
ding of a left-anchored tree T with anchor v,. Let
T1, To, ..., Ty, be the branches of v, with ny > np >

k—1 subtrees i

one-page embedding of a tree T with central vertex
candbranchesTy, ..., Ty, Withny > no > --- > ni as
usual. Then we may make the following assumptions
about r:

(1) cisonthebasic path,

(2) the branchesof ¢ lie as described in Lemma 6,

(3) each branch of ¢ is embedded as described in
Lemma 11.

] k subtrees
(b) Weswap T ; and T; in a move of Type B

Fig. 8. Proof of Lemma 11. Two ways to rearrange the order of branches without increasing cost.
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Proof. All that needs special proof is part (3). To that
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ands(v,u) =n — s(u,v). To find a central vertex,

end we note that the embedding of each branch of step (2), we use the algorithm given in the proof of

c is in fact an anchored embedding. If any of these

are not embedded as described in Lemma 11, then

we can modify that branch’s embedding to obtain an
embedding of the desired type without increasing the
cost. O

6. Thealgorithm

We now give an algorithm for finding an optimal
one-page embedding of a trge in time linear in
n, the number of vertices df . The main algorithm
is shown in Fig. 9 and the recursive procedure that
embeds branches is in Fig. 10.

Step (1) (in Fig. 9) is done in linear time with a
depth-first search from an arbitrary vertex®fusing
the relations

s(u,v)=1+ Z

edges(v,w)
wFu

s(v, w)

Embed the tree (main program)
procedure EMBED(T)
(1) for each edgéu, v) of T do
computes(u, v) ands (v, u) end do
(2) ¢ < acentral vertex of’
(3) for each vertexw do
sortv’s adjacency list by (v, x) end do
> Letn; be the size off}, theith branch of,
>wherenq >np > --- > ny,
> and letvq, ..., v be the roots
> of Ty, ..., Ty, respectively
(4) leftSum < rightSum < 0
for i =k downto 1
if i is eventhen
EMBEDBRANCH(v;, rightSum, 1)
rightSum < rightSum++ »;
elser i is odd
EMBEDBRANCH(v;, —leftSum, —1)
leftSum « leftSum+ n;
endif
end do
(5) m(c) < leftsum—+ 1; relPos[c] < 0
for each vertex do
7 (v) < 7 (c) + relPos[v] end do

Lemma 8, also linear time.

Step (3) enables the two critical loops, step (4) in
Fig. 9 and thédor loop in Fig. 10, to be executed in the
correct order. A two-pass bucket sort is used to sort
the adjacency lists of all vertices at the same time (as
described by Yao in 1975 [10]). The first pass sorts all
edges(u, v) by s(u, v)—actually two copies of each
undirected edge are involved, bdih v) and(v, u).

The second pass, a stable sortihythe first end-
point, extracts the individual adjacency lists maintain-
ing their sorted order. Time is@) because both sorts
involve keys in the ranggl, n].

Step (4) performs the embedding specified in Lem-
ma 6. Positions of all other vertices are initially
computed relative to the location of the central vertex
and adjusted in step (5). Because of this, itis important
to start embedding the smallest branches, those closest
to the central vertex, first.

The procedure EBEDBRANCH follows Lemma 11
in the same way that step (4) followed Lemma 6.
The branches closest toare embedded recursively
first, with special care taken to ensure that the even-
numbered (smaller in total size) branches are embed-
ded under the anchor edge. The varidigfore keeps
track of the total size of these branches. In case of a

Embedding branches
procedure EMBEDBRANCH (v, base, dir)
> Suppose has branche®y, ..., T
> With sizesny > -+ > ny,
> and rootsy, ..., vg.
> (does not include the branch whose root
> is on the path toward the central vertex)
before «— after < 0
for i = k downto 1do
if i is eventhen
EMBEDBRANCH(v;, base — dir * before, —dir)
before < before + n;
eser~iis odd
EMBEDBRANCH(v;, base + dir « after, dir)
after < after + n;
endif
end do
relPos[v] < base + dir x (before + 1)

Fig. 9. Algorithm for a one-page embedding of the tree

Fig. 10. Algorithm for embedding branches.
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left anchor, the even branches actually precede
the embedding, but in a right anchor, they follew
The variabledir keeps track of this fact; it is 1 for a
branch with a left anchor and1 for a right anchor.

If we consider thdor loops in step (4) of the main
algorithm and the one in BEDBRANCH together,

R.A. Hochberg, M.F. Sallmann / Information Processing Letters 87 (2003) 59-66

Can the set of trees for which an optimal one-
page embedding is also an unconstrained minimum
linear arrangement be succinctly characterized? If
so, this work might lead to a linear-time algorithm
for minimum linear arrangement of trees. The same
question can be asked for outerplanar graphs. In other

each edge of the tree is examined exactly once. Thewords, for what subclass of outerplanar graphs does
recursion engendered by these loops is a depth-firstthe result of Frederickson and Hambrusch [3] yield a
search that starts at the central vertex and considersminimum linear arrangement?

subtrees in order of increasing size, an ordering that

is precomputed in step (3). The total time for this

search is linear since each iteration of these loops takesAcknowledgements

constant time (ignoring the recursive calls). Wheis
a leaf, théfor loop in EMBEDBRANCH does nothing—

We appreciate the careful reading of an earlier

there are no further branches to consider. That the draft by Dr. Carla Savage, her encouragement, and

remaining loop is linear time is easy to see.

7. Conclusionsand futurework

We have presented a linear-time algorithm for min-
imum linear arrangement of treesibject to the con-
gtraint that the arrangement be a one-page embed-
ding. This raises interesting questions about minimum
linear arrangement and the related problem of mini-
mizing crossings in a two-layer embedding of a bipar-
tite graph.

Can an optimal one-page embedding be used to

approximate an optimal linear arrangement? It is not

hard to show that a one-page arrangement costs no

more than 32 as much as an optimal arrangement
that allows crossings. The worst generic examples
we have found to date prove a lower bound ¢gB9

on the approximation ratio, but the true worst-case
ratio still eludes us. Because the bipartite crossing

number of a tree can be much less than the linear

arrangement cost—according to Shahrokhi et al. [8] a
linear arrangement of a trgewith costL(T) implies

a bipartite embedding with
B(T)=L(T)—n+1—ZL ”

veT

crossings—a constant ratio approximation to the min-
imum linear arrangement does not necessarily imply
anything about the approximation ratio for the cross-
ing number.

degqv)
2

deqv) — 2
2

her suggestions for improving the algorithm’s proof
of correctness. We also thank the two anonymous
referees for their suggestions.
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